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Using the nite temperature quasi-partile random phase approximation (FTQRPA) on the basis
of nite temperature Skyrme-Hartree-Fok + BCS method, we study β−-deay half-lives for even-
even neutron magi nulei with N=82 in a nite temperature environment. We nd that the β−-
deay half-life rst dereases as the temperature inreases for all the nulei we study, although
the thermal eet is found to be small at temperatures relevant to r-proess nuleosynthesis. Our
alulations indiate that the half-life begins to inrease at high temperatures for open shell nulei.
We disuss this behavior in onnetion to the pairing phase transition.
PACS numbers: 21.60.Jz, 25.30.Pt, 26.20.Np, 26.30.Jk
I. INTRODUCTION
β−-deay of neutron-rih nulei is one of the impor-
tant subjets for r-proess nuleosynthesis. In the r-
proess, nulei rapidly apture neutrons and reah the
neutron-rih region, until the timesale of neutron ap-
ture is omparable to that of the photodisintegration in
the viinity of the neutron shell gaps N=50, 82, and 126.
The β−-deay beomes important mainly at this point.
It inreases the atomi number of neutron-rih nulei,
and eventually enables them to go on apturing neutrons
again toward heavier nulei. Therefore, the β−-deay
half-lives of neutron-rih nulei determine the r-proess
time sale, and thus onsiderably inuene the nal abun-
dane of elements. Likewise, the β+-deay plays a dei-
sive role in the evolution of rp-proesses elements [1℄.
Most β−-deay rates of neutron-rih nulei relevant to
the r-proess have not yet been measured experimentally.
Therefore, r-proess alulations have to rely on a the-
oretial estimate of β-deay half-lives. Several theoreti-
al approahes have been developed so far. One of the
most widely used theoretial methods is the gross the-
ory [2℄, whih desribes the β-deay rates with a sum
rule approah supplemented by a statistial treatment
for nal states. Although it has enjoyed onsiderable
suess, it is not lear how well the shell and pairing ef-
fets for weakly bound systems are treated in the theory.
Another approah is the shell model, whih suessfully
reprodues the experimental half-lives of waiting-point
nulei at N=50, 82, and 126 [3, 4, 5℄. However, a large-
sale shell model alulation for a systematial study for
heavy nulei along the r-proess path has been limited so
far.
The proton-neutron quasi-partile RPA (pnQRPA)
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17℄ is suitable
for bridging the gap between the two approahes. Being
the mirosopi approah, the pnQRPA properly takes
into aount the shell and pairing eets, and more-
over it is ideal for a systemati study. The strength
that ontributes to the β− deay mainly omes from a
small low-energy tail of the Gamow-Teller (GT) distri-
bution, whih is in general diult to reprodue au-
rately with the pnQRPA. However, the pnQRPA ap-
proah based on the mirosopi self-onsistent mean-
eld framework has suessfully reprodued the β-deay
half-lives for neutron-rih isotopes by appropriately ad-
justing the proton-neutron pairing strength in the isospin
T=0 hannel [9, 10, 11, 12℄.
The r-proess takes plae in an environment of high
temperatures (T ∼ 109 K) and high neutron densities
(ρ ≥ 1020 neutrons/m3). In this environment, a part
of exited states is thermally populated, and in prini-
ple one needs a nite temperature treatment for β-deay
alulations for r-proess. Notie that the thermal eets
aet espeially low-lying states, whih are important for
the β-deay. The thermal eets on the β-deay rates has
been studied with an independent partile model [18℄
and with the nite range droplet model (FRDM) plus
gross theory [19℄. The temperature dependene of ele-
tron apture rates has also been studied with large-sale
shell model alulations[5℄ as well as with pnRPA with
Skyrme interation[20℄.
In this paper, we assess the thermal eets on the β-
deay of neutron-rih nulei using the pnQRPA approah.
A similar attempt has been done in Refs. [13, 14, 21, 22℄,
but they have used a shemati separable fore for the
partile-hole interation. Some of them have negleted
also the proton-neutron pairing orrelation. We instead
arry out our alulations based on the nite tempera-
ture Skyrme Hartree-Fok + BCS method, together with
a ontat fore for the proton-neutron partile-partile
interation in pnQRPA.
The paper is organized as follows. In Se. II, we sum-
marizes the theoretial method for nite-temperature
QRPA. In Se. III, we show the alulated results for
the isotones with neutron magi number N = 82, whih
are relevant to the r-proess nuleosynthesis. In Se. IV,
we give a summary of the paper.
2II. THEORETICAL METHODS
A. Finite temperature Hartree-Fok + BCS
method
In order to study β-deays at nite temperatures, we
rst onstrut the basis states using the nite temper-
ature Hartree-Fok+BCS method [23, 24℄. The for-
malism of the nite temperature Hartree-Fok + BCS
method is almost the same as that at zero-temperature
[25, 26, 27, 28℄, exept for the partile number and pair-
ing densities. At zero temperature, the single-partile o-
upation probability ni is given by the BCS oupany
v2i . On the other hand, at nite temperatures β = 1/kT ,
k being the Boltzmann onstant, it is modied to,













where α†i and fi(T ) are the reation operator and the
oupation probability for a quasi-partile, respetively.
Ei =
√
(ǫi − λ)2 + (∆i)2 is the quasi-partile energy,
where ǫi and λ are the single-partile energy and Fermi
















Here, V is the pairing interation and i¯ is the time-
reversed state of i.
With the densities obtained with the single-partile o-
upation probabilities ni, the self-onsistent solution is
sought by minimizing the free energy,
F = E − TS(T ), (3)
where E is the Hartree-Fok energy and and S(T ) is the
entropy dened as,
S(T ) = −k
∑
i










In the alulations shown below, we use the smooth
uto sheme for the pairing ative spae, following Ref.
[26, 29℄. That is, the quasi-partile energy and the gap
equation are modied to Ei =
√



















1 + exp [(ǫi − λ−∆E)/µ]
, (6)





γi = Nq + 1.65N
2/3
q , (7)
where Nq is the number of partile for proton (q=p) or
neutron (q=n).
In our alulation, we employ the zero-range density
dependent fore,
Vpair(r − r






δ(r − r′), (8)
for the like-partile (proton-proton and the neutron-
neutron) pairing interations. We neglet the proton-
neutron pairing for the BCS alulation, although it is
taken into aount in the QRPA alulation, beause we
are interested in neutron-rih nulei, rather than N≃Z
nulei, in whih the proton-neutron pairing plays a mi-
nor role. For the parameters for the pairing interation
in Eq. (8), we x ρ0 to be 0.16 fm
−3
and adjust the
strength parameter V 0q so as to reprodue the empirial
values for the pairing gap obtained from the three-point
mass dierene ∆(3)(N + 1) [30℄.
B. Finite temperature quasi-partile random phase
approximation (FT-QRPA)
Colletive motions of hot stable nulei have been stud-
ied with the nite temperature random phase approxima-
tion (FTRPA) [31, 32, 33, 34℄. It was rstly developed
for studying the giant dipole resonane of a hot om-
pound nuleus formed in heavy-ion reations. To disuss
the property of hot exoti nulei, the nite temperature
quasi-partile RPA (FT-QRPA) was reently employed in
Ref. [35℄. The nite temperature proton-neutron QRPA
has also been developed in Refs. [21, 22℄ for a separable
interation.
The appliability of the nite-temperature RPA has
been assessed with the Lipkin-Meshkov-Glik method
[36, 37, 38, 39℄. These studies have shown that the
nite-temperature RPA works satisfatorily well for the
total strength. When the interation is small so that the
ground state is spherial, the FTRPA also yields a rea-
sonable strength funtion. Beause the proton-neutron
oupling is usually weak (that is, the isovetor intera-
tion is not large enough to 'deform' the ground state in
the isospin spae), we argue that the nite-temperature
pnQRPA provides a reasonable tool to disuss the ther-
mal eets on the β-deay rate.
At nite temperatures, the quasi-partile states are
thermally oupied aording to the quasi-partile ou-
pany fi(T ) in Eq. (1). Therefore, the exitations involve
both two-quasipartile exitations and one-quasipartile
one-quasihole exitations, as is shematially shown in
Figure 1. This an be understood as follows (see Fig. 2).
At zero-temperature, the exited states orresponds to
3FIG. 1: (Color online) A shemati illustration for the ex-
ited states in QRPA. At zero temperature (the left panel),
exited states orrespond to two quasi-partile (2qp) states,
while one-quasi-partile one-quasi-hole (1qp-1qh) states are
also involved at nite temperatures (the right panel). The
oupation probability of one quasi-partile states is given by
fi(T ) in Eq. (1).
FIG. 2: (Color online) A shemati illustration for exita-
tion sheme in nite-temperature QRPA. Transitions from
the ground state orresponds to a two-quasipartile exita-
tion, α†α†, whereas the transitions among two-quasipartile
states are desribed by the operator α†α.
two-quasi-partile states built on the quasi-partile va-
uum. At nite temperatures, these exited states are
thermally populated. The transitions among the two-











The energy hange for this transition is
∆E = (Ek + Ei)− (Ei + Ej) = Ek − Ej . (10)













β − Yαβαααβ .
(11)
where α and β run over proton and neutron levels, re-
spetively. The rst and third terms in Eq. (11) or-
respond to the transitions among the two-quasipartile
states, whih vanish at zero-temperature. The QRPA
equation an be derived from the equation of motion,
〈|[δQ, [H,Q†]]|〉 = EQRPA〈|[δQ,Q
†]|〉, where EQRPA is
the QRPA exitation energy and δQ is any one-body op-
erator. This yields,

C˜ a˜ D˜ b˜
a˜T A˜ b˜T B˜
−D˜ −b˜ −C˜ −a˜



















where the elements of the matries A˜, B˜, C˜, D˜, a˜, and b˜
are given by [33℄,
A˜αβα′β′ =
√




1− fα′ − fβ′
+ (Eα + Eβ)δαα′δββ′
B˜αβα′β′ =
√
1− fα − fβBαβα′β′
√





















1− fα′ − fβ′ ,
(13)
with
A′αβα′β′ = Vαβα′β′(uαuβuα′uβ′ + vαvβvα′vβ′)
+ Vαβ¯′β¯α′(uαvβuα′vβ′ + vαuβvα′uβ′)
Bαβα′β′ = Vαβ′α¯′β¯(uαvβvα′uβ′ + vαuβuα′vβ′)
− Vαβα¯′β¯′(uαuβvα′vβ′ + vαvβuα′uβ′)
C′αβα′β′ = Vαβ′βα′(uαuβuα′uβ′ + vαvβvα′vβ′)
− Vαβ¯β¯′α(uαvβuα′vβ′ + vαuβvα′uβ′)
Dαβα′β′ =− Vαβα¯′β¯′(uαvβvα′uβ′ + vαuβuα′vβ′)
+ Vαβ¯′α¯′β(uαuβvα′vβ′ + vαvβuα′uβ′)
aαβα′β′ = Vαβ¯α′β′(vαuβvα′vβ′ − uαvβuα′uβ′)
− Vαβ¯′βα′(vαvβvα′uβ′ − uαuβuα′vβ′)
bαβα′β′ = Vα¯βα′β′(vαuβuα′uβ′ − uαvβvα′vβ′)
− Vαβ′βα¯′(vαvβuα′vβ′ − uαuβvα′uβ′).
(14)
Using the solution of the QRPA equation, the strength






















1− fβ − fα
)∣∣∣2
× δ(Eα − Eβ − Eν),
(15)
where O±GT = στ
±
. For T = 0, one an see that the Eqs.
(12) and (15) are orretly redued to the usual QRPA
equation at zero temperature.
4In our alulations, we use the t0 and t3 terms in the
Skyrme fore [40℄ as the residual interation,









(σ ·σ)(τ ·τ) δ(r−r′), (16)
for the Gamow-Teller transition. For the partile-partile
matrix elements (the proton-neutron isospin T=0 pair-
ing) in Eq. (14), we use a δ-type interation,
Vpn(r, r
′) = V 0pnδ(r − r
′). (17)
We an regard V 0pn as a free parameter as has been dis-
ussed in Ref. [9℄, beause we do not take into aount
the T=0 pairing in the Hartree-Fok alulation. The
Gamow-Teller low-lying strengths are sensitive to the
T=0 pairing, and we adjust the value of V 0pn to reprodue
the known experimental β half-life at zero temperature
[9, 17℄.
We solve the QRPA equation by diagonalizing the
QRPA matrix in Eq.(12). In order to inlude ontinuum
states, we disretize them with a box boundary ondition
with the box size of 15 fm. We inlude the single-partile
states up to ǫ = 20 MeV, and trunate the QRPA model
spae at the two quasi-partile energy of E2qp = 70 MeV.
Our pnQRPA alulation is not fully self-onsistent, sine
we do not inlude all the residual interation terms in the
Skyrme funtional. We thus sale the residual intera-
tion Eq.(16) so as to reprodue the spurious translational
mode (that is, the isosalar dipole mode) at zero energy
at every temperature we onsider.
III. RESULTS
A. Temperature dependene of GT strengths for
N=82 Nulei
Let us now numerially solve the pnQRPA equations
and disuss the temperature dependene of the GT






Cd. For this purpose, we mainly use
the SLy5 fore [41℄ for the Skyrme parameter set. We
set the proton pairing strength Vp = −1300 MeV·fm
−3





p (Z + 1) = 0.92 MeV. The proton-neutron
pairing strength in Eq. (17) is adjusted to V 0pn = −360
MeV·fm−3 so as to reprodue the experimental β-deay
half-life of
130
Cd (0.195 se.) [42℄, and use the same value
for all the other nulei.
We nd that the strength funtion is almost the same
as that at T = 0 for temperatures less than T = 0.2MeV,
whih is onsidered to be the standard r-proess temper-
ature at the initial ondition [43℄. Figure 3 shows the GT
strengths at T = 0.0 (the solid line) and T = 0.3 MeV







as a funtion of E∗m − Ei, where Ei and E
∗
m are the en-
ergy of the initial and nal states, respetively (See Fig.4







Cd nulei at T = 0.0 (the solid
line) and T = 0.3 MeV (the dashed line). These are plotted as
a funtion of E∗m−Ei, where Ei and E
∗
m are the energy of the
initial and nal states, respetively. The peaks whih vanish
at T = 0.0 MeV are indiated by the arrows. For 126Ru and
122
Zr, the strengths at T = 0.3 MeV are saled by a fator of
16.
and Eq. (21)). Those strength funtions are smeared
with the Lorentzian funtion with the width of 0.1 MeV.
The strengths at T = 0.3 MeV for 126Ru and 122Zr are
multiplied by a fator of 16 for the presentation purpose.
One sees that some new peaks, indiated by the arrows,
appear at T = 0.3 MeV, whih originate from the tran-
sition from the exited states. Their strengths are of the
5FIG. 4: A shemati illustration for the β−-deay sheme
at nite temperatures. The transitions at zero temperature
are indiated by the thik solid arrows, while the additional
transitions at nite temperatures by the thin solid arrows.
order of 0.1 on average, whih are approximately of 0.1
% of the sum rule. Despite its small value, these on-
tributions to the β-deay half-life annot be negleted as
we will disuss in the next setion.
B. β-deay Half-Lives
We next alulate the β−-deay half-lives. Sine the
ontribution of the GT transition to the total β−-deay
rate is muh larger than the Fermi transition [44℄, we take
into aount only the former. The β-deay half-life T1/2




















where λβ is the β-deay rate. GF = 1.1658 ×
10−11MeV−2 is the Fermi onstant, and gA = GA/GV
is the ratio of the vetor and pseudo vetor onstants,
whih we set 1.26. The funtion ρ(E,Ee) is the phase











where Ee is the energy of the eletron and Z is the atomi
number of the parent nuleus. F (Z,Ee) is the Coulomb
orretion fator given by [46℄,





where γ = (1 − Z2α2)1/2 and ν = (ZαEe/pec), α being
the ne struture onstant. ke = pe/~ is the eletron
wave number and Γ(x) is the gamma funtion. The en-
ergy Ei − E
∗
m in Eq. (19) is related to the pnQRPA
energy EQRPA as [9℄,
Ei − E
∗
m ≃ ∆Mn−H − (ERPA − λn + λp), (21)
where ∆Mn−H = 0.78227 MeV is the mass dierene
between a neutron and a hydrogen atom.
Figure 5 shows the β-deay half-lives normalized to
that at zero temperature, T1/2/T
0
1/2, as a funtion of tem-
perature T . In order to hek the parameter set depen-
dene of the Skyrme funtional, the gure also shows the
results with the SkM
∗
parameter set [47℄. One sees that,
as the temperature inreases, the β-deay half-life rst
dereases gradually for all the nulei we study for both
the parameter sets.
One an also see that the temperature dependene is
the stronger for the larger atomi number. For instane,
at T = 0.8 MeV, the ratio T1/2/T
0
1/2 is around 0.2 for
130
Cd both for the SkM
∗
and SLy5, while it is about 0.9
for
120
Sr. This behavior is related with the number of
the GT peaks. Figure 3 indiates that the number of GT
peaks dereases gradually with the atomi number. This
is due to the dierene between the proton and neutron
Fermi surfaes. For
130
Cd, the number of GT peaks is
only two at T=0, and the thermal eets are relatively
large. On the other hand, the eets are less signiant
for
122
Zr beause there are already many strengths at







Ru, the half-lives begin to in-
rease at temperature around T = 0.6− 0.7MeV. This is
related to the temperature dependene of EQRPA, whih
also inuenes the phase spae fator in Eq. (19). That
is, when EQRPA is large, the phase spae fator is also
large, resulting in a large β-deay rate (i.e., a short half-
life). Sine the exitation energy from the ground state,
Eexi ≡ Ei − E0 and EQRPA now depend on the temper-
ature, the β-deay half-life may not behave in a simple
way as a funtion of T .
A simple estimate of the thermal eet on the β-deay
half-life an be made by disregarding the temperature
dependene of S−(Em) in Eq. (18) exept for the the
thermal population probability of exited levels. We ap-
proximate the population probability by the Boltzmann










whih has a loal maximum at Ei = 2T + E
∗
m + Ee.
That is, the β-deay rate is large when the ondition
Eexi = Ei − E0 ∼ 2T + Ee − (E0 − E
∗
m) is satised. On
the other hand, it is hindered onsiderably in the ase of
Eexi ≪ 2T + Ee − (E0 − E
∗
m).
In order to investigate the temperature dependene of
Eexi , we plot the average pairing gaps 〈∆〉 in Figure 6
and the unperturbed energy of the rst exited state
Eex1 = E1−E0, evaluated with the two-quasi-partile en-
ergy in the BCS approximation, in Figure 7. The top and
6FIG. 5: (Color online) The β-deay half-life T1/2 normalized to that at zero-temperature, T
0
1/2. The solid and the dashed lines
show the results with the SLy5 and SkM
∗
parameter sets, respetively.
bottom panels show the results of the SLy5 and SkM
∗
parameter sets, respetively. One sees that the pairing
gaps begin to derease signiantly at temperatures of
about T = 0.50− 0.65 MeV (i.e., the pairing phase tran-
sition). Likewise, the energy of the rst exited state,




Zr, it eventually beomes less than 2T at
high temperatures. This should be intimately related to
the inrease of the β−-deay half-lives for these nulei at
high temperatures. On the other hand, Eex1 for
130
Cd is
muh less sensitive to the temperature, as this nuleus is
in the neighborhood of the double magi nuleus
132
Sn.
As a onsequene, its β-deay half-life monotonially de-
reases as a funtion of temperature. Note that the rit-
ial temperature for the pairing phase transition is lower
for SkM
∗
as ompared to SLy5. This fat leads to the
result that the β-deay half-lives start inreasing earlier
for SkM
∗
ompared to SLy5, as an be seen in Figure 5.
IV. CONCLUSION
We have assessed the thermal eets on β-deay half-
lives with astrophysial interests for even-even isotones
7FIG. 6: (Color online) The average proton pairing gap as











with the neutron magi number N = 82. For this pur-
pose, we have adopted the nite temperature QRPA
method on top of the nite temperature Skyrme-Hartree-
Fok+BCS method. We have used the t0 and t3 terms
of the Skyrme fore for the partile-hole residual inter-
ation, and a δ-type interation for the proton-neutron
partile-partile hannel in the QRPA formalism.
We have alulated the Gamow-Teller strengths in the
temperature range from T = 0.0 to 0.8 MeV. At nite
temperatures, new peaks appear in the strength fun-
tion due to the transitions from the exited states. From
the alulated Gamow-Teller strengths, we have evalu-
ated the β-deay half-lives. As the temperature inreases,
the β-deay half-life dereases gradually for all the nu-
lei whih we have studied. We have also found that
the temperature dependene appears more strongly for
nulei with a larger atomi number. We have argued
that this is related to the number of GT peaks in the
strength funtion, determined mainly by the dierene
between the proton and neutron Fermi surfaes. We have
also found that the β-deay half-life begins to inrease at
FIG. 7: (Color online) Same as Fig. 6, but for the unper-
turbed energy of the rst exited state, estimated in the BCS
approximation.
T > 0.6− 0.7MeV for open-shell nulei as a onsequene
of a peuliar temperature dependene of the energy of the
rst exited state due to the pairing phase transition.
From our results, we onlude that the thermal eet
on the β-deay half-life is negligible at the standard r-
proess temperature, whih is onsidered to be approxi-
mately less than 0.2 MeV, at least for even-even N = 82
isotones. It would be an interesting future problem to
extend the present alulations to odd-mass nulei, in
whih the energy of the rst exited state is in general
muh smaller than that in even-even nulei and thus a
larger thermal eets may be expeted.
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